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Abstract
Operator quantization of the WZNW theory invariant with respect
to an affine Kac-Moody algebra gˆ with constrained uˆ(1)d currents is
performed using Dirac’s procedure.Upon quantization the initial energy-
momentum tensor is replaced by the g/u(1)d coset construction.The sˆu(2)
WZNW theory with a constrained uˆ(1) current is equivalent to the su(2)/u(1)
conformal field theory.
1.In this article we study the connection between the WZNW theory [1, 2] ,
associated with a simply-laced algebra g, and the g/u(1)d conformal field theory,
whose energy-momentum tensor Kg is constructed via Goddard,Kent and Olive
coset method [3]
Kg = Lg − Lu(1)d (1)
These theories for d = r,where r = rank g, are closely related. In [4] Fateev and
Zamolodchikov found that all the fields of the su(2) WZNW theory can be ex-
pressed in terms of the su(2)/u(1) parafermions and a free boson.This relation
and its generalization to the case of arbitrary algebra g were used for computa-
tion of modular invariant partition functions of su(2)/u(1) [5] and g/u(1)r [6]
theories.
The object of this article is to present a new method of constructing the
g/u(1)d,1 ≤ d ≤ r, conformal theory from the WZNW theory invariant with
respect to an affine Kac-Moody (KM) algebra gˆ. It is based on the operator
quantization of the WZNW theory with constraints
HA(z) ≈ 0, (2)
where HA(z), A = 1, . . . , d, are generators of uˆ(1)
d subalgebra of the algebra
gˆ.Here and in what follows we treat only the holomorphic part. We quantize the
system in terms of the modes ofHA(z), which form an algebra of first and second
1
class constraints.The gauge is fixed by an extention of this algebra.The theory
can then be quantized by replacing the initial operators by the operators which
are constructed using Dirac’s procedure [7]. This method can be generalized to
other coset conformal theories.
2.The quantization will use the bosonic construction of the KM currents and
Virasoro generator Lg of the WZNW theory in terms of the Fubini-Veneziano
fields
ϕjs(z) = q
j
s − ipjslogz + i
∑
n6=0
ajsn
n
z−n, (3)
where s = 1, . . . , r, j = 1, . . . , k, k is the level of the representation of the KM
algebra gˆ and
[qjs, p
l
t] = iδ
jlδst, [a
j
sm, a
l
tn] = mδ
jlδstδm+n,0. (4)
We denote by Γ the algebra (4). The bosons (3) have the two-point functions
< 0|ϕjs(z)ϕlt(w)|0 >= −δjlδst ln(z − w). (5)
The bosonic construction of the currents (2) at level k is given by
HA(z) =
k∑
j=1
i∂zϕ
j
A(z). (6)
It is convenient to decompose the constraints into modes
HA(z) = HAoz
−1 +
∑
n6=0
HAnz
−n−1,
HAo =
k∑
j=1
pjA, HAn =
k∑
j=1
ajAn, (7)
and consider an equivalent set of constraints
HAo ≈ 0, HAn ≈ 0. (8)
The operators HAo, HAn obey the KM algebra
[HAo, HBo] = [HAo, HBn] = 0, [HAm, HBn] = kmδABδm+n,0. (9)
The commutator relations (9) tell us that the operators HAo are first class
constraints and the HAn are second class ones. We take as gauge condition
qA ≡
k∑
i=1
qiA ≈ 0. (10)
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The operators qA commute with HAm and
[qA, HBo] = ikδAB. (11)
It follows from (9) and (11) that the constraints
Φ = (HAo, HAn, qA) (12)
are second class ones.
Let g be simply-laced.In this case the KM currents J(z) = (Eα(z), Hs(z)),
where α are roots of g, s = 1, . . . , r, and energy-momentum tensor Lg(z) of
the WZNW theory can be expressed in terms of Γ using the vertex operator
representation [8, 9, 10].To find operators which replace J(z) and Lg(z) in the
constrained theory it is sufficient to quantize only the operators Γ.
Let F and G belong to the space Γ.According to Dirac’s procedure we re-
place these operators by the operators F˜ and G˜ which satisfy the following
commutator relation
[F˜ , G˜] = [F,G]−
∑
a,b
[F,Φa][Φa,Φb]
−1[Φb, G], (13)
where Φ = (Φa) are the constraints (12). It is easy to see that all the commu-
tators in the right-hand side of (13) are c-functions. Therefore the new commu-
tator is well-defined. Computations show that the nonvanishing commutators
of the operators q˜js, p˜
j
s and a˜
j
sm are given by
[q˜jA, p˜
l
A] = iη
jl, [q˜jI , p˜
l
I ] = iδ
jl,
[a˜iAm, a˜
j
An] = mη
ijδm+n,0, [a˜
i
Im, a˜
j
In] = mδ
ijδm+n,0, (14)
where I = d+ 1, . . . , r and
ηij =
{
(k−1)
k
if i = j,
− 1
k
if i 6= j. (15)
Note that η2 = η.It follows from (14) that the constraints Φ˜ = (H˜Ao, H˜An, q˜A)
commute with the operators Γ˜ = (q˜js, p˜
j
s, a˜
j
sm)
[Φ˜, Γ˜] = 0 (16)
The nonvanishing two-point functions of the fields
ϕ˜js(z) = q˜
j
s − ip˜jslogz + i
∑
n6=0
a˜jsn
n
z−n, (17)
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are read
< 0|ϕ˜iA(z)ϕ˜jA(w)|0 >= −ηij ln(z − w),
< 0|ϕ˜iI(z)ϕ˜jI(w)|0 >= −δij ln(z − w), (18)
where the vacuum vector is defined by
p˜is|0 >= 0, a˜isn|0 >= 0 for n > 0 (19)
It follows from (18) that the fields ϕ˜js can be expressed as follows
ϕ˜iA = η
ijϕjA, ϕ˜
i
I = ϕ
i
I (20)
Using the commutator relations (14) and the bosonic construction of the
currents and Virasoro generator of the WZNW theory,one can compute operator
product expansions of these operators in the constrained theory.
These results can be generalized to non-simply-laced algebras using the rep-
resentation of the associated affine KM algebras in terms of the operators Γ and
fermion fields[11, 12].
3.The energy-momentum tensor Lg of the WZNW theory for g simply-laced
can by written as [10]
Lg (ϕ) =
1
2(k + h)
{(1 + h)
r∑
s=1
k∑
j=1
: (i∂zϕ
j
s)
2 : +
+2
r∑
s=1
k∑
i<j
: (i∂zϕ
j
s)(i∂zϕ
j
s) : +2
∑
α
k∑
i<j
: exp[iα · (ϕi − ϕj)] : ciαcj−α}, (21)
where h is the dual Coxeter number of the algebra g, ciα are cocycles and the
bosons ϕis satisfy eq.(5).
Let us consider this operator in the constrained theory where the fields ϕis
are replaced by ϕ˜is.Substituting (20) into (21), we get
Lg(ϕ˜) = Lg(ϕ)− Lu(1)d(ϕ), (22)
Thus the energy-momentum tensor of the constrained WZNW theory can be
written in the coset g/u(1)d form.
Consider the case of su(2)/u(1). sˆu(2) algebra is generated by the currents
E+(z) =
k∑
j=1
: ei
√
2ϕj(z) :, E−(z) =
k∑
j=1
: e−i
√
2ϕj(z) :, (23)
where ϕi ≡ ϕi1 satisfy eq.(5). Upon quantization of the system with the con-
strainted uˆ(1) current
H(z) ≡
k∑
j=1
i∂zϕ
j(z) ≈ 0, (24)
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the fields ϕi are replaced by
ϕ˜i = ηijϕj . (25)
Substituting (25) into (23) we get the parafermionic currents ψ+1 and ψ1
√
kψ+1 =
k∑
j=1
: ei
√
2ηjlϕl :,
√
kψ1 =
k∑
j=1
: e−i
√
2ηjlϕl :. (26)
Computations show that ψ+1 and ψ1 satisfy the parafermionic algebra of ref.[4]:
ψ1(z)ψ
+
1 (w) = (z − w)−2+
2
k
(
I +
k + 2
k
Ksu(2)((w))(z − w)2
)
, (27)
where Ksu(2)(z) = Lsu(2)(ϕ(z)) − Lu(1)(ϕ(z)). This proves the equivalence of
the constrained su(2) WZNW theory to the su(2)/u(1) theory.
In conclusion using canonical quantization techniques we have quantized the
WZNW theory invariant with respect to an affine KM algebra gˆ with constrained
uˆ(1)d currents.We have shown that Virasoro algebra of the constrained theory is
the g/u(1)d coset Virasoro algebra.In the case of su(2)/u(1) this correspondence
also works for the currents.It seems likely that the g/u(1)d conformal field theory
is equivalent to the constrained WZNW theory.It would be interesting to study
the gˆ WZNW theory with arbitrary constrained current algebra hˆ ⊂ gˆ and
compare it with the g/h conformal field theory.
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